1. Classical invariant theory is concerned with the action of linear groups on spaces of algebraic forms and the algebraic invariants under such actions; in this paper we are concerned with one of the simplest of such spaces, the space of binary forms of given degree, and one of the simplest invariants, the discriminant of the form. We prove in particular that if D o is a given integer then there are only finitely many GL 2 (Z)-orbits of binary forms / of given degree n with discriminant
1. Classical invariant theory is concerned with the action of linear groups on spaces of algebraic forms and the algebraic invariants under such actions; in this paper we are concerned with one of the simplest of such spaces, the space of binary forms of given degree, and one of the simplest invariants, the discriminant of the form. We prove in particular that if D o is a given integer then there are only finitely many GL 2 (Z)-orbits of binary forms / of given degree n with discriminant D(f) = D o .
Before we state our main theorems, we establish our notation and recall some standard definitions. 
.,a n ], and D(f) is homogeneous of degree 2(n-1) in the sense that D{Xf) = W-»D{f).
If P = (a;, y) h> {ax + by, ex + dy) is a linear transformation, f P (x, y) denotes the transformed form / (ax + by, ex + dy); so
D(f P ) = (detP)»<»-»2)(/).
If 0 is a group of such transformations, and P e 0, we say/ is (^-equivalent to f P and write / ~ f p ; the (2-orbit of/ is the set of g with g ~ /.
a o THEOREM 
Let K be a number field with ring of integers o K . Suppose that we are given a natural number n ^ 2 and a non-zero D o e 0%. Then there are only finitely many GL 2 (o)-orbits of binary forms f e 0 K [x, y] with
This theorem was proved by Hermite ([3] ) when K = Q in the cases n = 2 and 3; for general n, Hermite proved a theorem with deceptively similar enunciation, but with a different, less natural, 'determinant' in place of our discriminant; his determinant is skilfully devised so that his theorem is provable by reduction theory. It turns out that Hermite's reduction theory is just what is needed to deduce Theorem 2 from Theorem 1 below-we come back to this in §5. An easy corollary of B. J. BIRCH AND J. R. MERRIMAN Theorem 2 is that up to the obvious translations by rational integers, there are only finitely many algebraic integers with given discriminantcompare with Nagell's paper [10] , where this is proved for integers of degree ^ 4.
Suppose now that S is a finite set of primes of the number field K; o s will always denote the ring of ^-integers of K: a is an ^-integer if a = fi/y with fl e o K and y a product of powers of primes from 8. [12] ) that there are only finitely many equivalence classes of curves over K with given genus g ^ 2 and conductor contained in 8; it implies Safarevic's conjecture for hyperelliptic curves, see [9] . We understand from Parsin (conversation and [11] ) that Safarevic too has proved his conjecture for hyperelliptic curves, and his proof may well contain something resembling Theorem 1-but of course we have not seen it.
We first prove Theorem 1 for 'split forms', in §2. Then, in §3, we deduce that given K, 8 In § 5, we use Hermite's method to deduce Theorem 2 from Theorem 1 in the classical case K = Q; and in § 6 we indicate the modifications we need to make to Hermite's theory when K is a number field. We might well have restricted ourselves to the case K = Q, which contains most of the interest; but such laziness could be very annoying to someone who really needed the general result.
NOTATION. AS usual, Q, Z, and N denote the rationals, the rational integers, and the natural numbers; R is the real and C the complex field. If/is a form, we always use the notations f P for a transform of/and D(f) for the discriminant of / defined above. Throughout the paper, K is a fixed algebraic number field with integers o^, 8 is a finite set of primes of K, and o s is the ring of ^-integers of K\ (K, #)-equivalence has been defined above. Later, we construct a field M 2 K with integers £) M ; the set of primes of M above 8 is T, and £) T is the ring of T-integers of M. We need two lemmas.
We say tha,tf(x,y) is a

LEMMA 1. Every cubic split form f{x,y) over Oj^ with D(f) e Og is (K,8)-equivalent to xy(x + y).
Proof. Take P so that the corresponding dual projective transformation takes the points The most convenient reference for this lemma, essentially due to Mahler, is Lang ( [7] ). Lang deduces it from Siegel's theorem about the finiteness of the number of integral points on a curve; though this theorem is ineffective, it is possible to deduce an effective version of the lemma from Baker's theorem, cf. Coates ([2] ).
Proof of Proposition 1. Let f{x,y) = n {^ -PjV) ^e a split form over Oj£ with D(f) e oj. After Lemma 1, we may suppose n ^ 4; say/ = gh with 9fay) = ft («fB-&y)» hfay) = II It follows that yp Sp y i + 8j e of when 4 ^ j < n, so by Lemma 1 there are only finitely many possibilities for y^/Sj, and the proposition follows. 
In this section, we complete the proof of Theorem 1. From Propositions 1 and 2, we know that given K, 8, n there is a finite extension M of K and a finite set 2" of primes of M such that there are only finitely many (M, T)-orbits of forms / 6 o K [x,y] with deg(/) = n and D(f) e o|. We need to climb down, by showing that if 2 is one of these (M, T)-orbits then 2 is the union of finitely many {K, #)-orbits. Denote by D M the integers of M and by !D T the T-integers of M.
Suppose that / e 2 ; as in Proposition 2, M is a splitting field for /, so every a 6 Gal(M/K) gives a permutation of the roots of/. Suppose that g E 2 ; then there exist P e GL 2 (£) M ) and A 6 Oy so that / P = Agr. In particular, P induces a mapping P*: B h> (d# -6)/(a -c0) of the roots of / onto the roots of g; we say that f xg if we can find P so that CT-1 P*CT(^) = P*(0J for all roots B i of/(0,1) = 0, and for all a e Gal{M/K). Clearly « is an equivalence relation, and since Gal(M/K) is finite, 2 is a finite union of («)-orbits.
It remains to show that each (»)-orbit is a finite union of (K, #)-orbits; this will follow from Lemma 6. LEMMA I = l,...,r) . LEMMA 
Suppose that T consists precisely of the primes of M above 8. Then each (x)-orbit Q. is a finite union of (K,S)-orbits.
Proof. Suppose that f,g e Q; then the roots of /, g match up as described in Lemma 5, and we may suppose that M and ad -6c G O^ it follows that cr^detPj e o|. If we make successive transformations P v ..., P k so that the product a x ... a k of the corresponding ideals is principal, then we may remove the common factor j8 from the elements of the matrix Q = P k ...P x and so obtain a matrix §~XQ G GL 2 (O.K;) with detfjS-1^) G o|. It follows that the (»)-orbit Q. may be split as the union of at most h sub-orbits Cl v ...,£l k so that, if f,g are in the same sub-orbit Q. i} there is a matrix Q e GL 2 (o^:) with detQ e oj and an element A e K so t h a t / 0 = A^. It follows that/, g are (K, <S)-equivalent.
This completes the proof of Lemma 6 and hence of Theorem 1.
The classical reduction theory devised by Hermite ([3]
) applies only to the action of GL 2 (Z) on rational forms; it is not particularly difficult to produce the analogous theory for GL 2 (0j E: ), but it is a bit complicated, so in this section we use the classical theory to prove Theorem 2 in the case K = Q, and postpone the modifications necessary for general K to § 6.
Iif ( 
\B\^A^C, which implies
AC ^ £A(/).
If P is a real transformation P: (x,y) -> (ax + by,cx + dy), then the form <p P is associated with the factorization of/ P ; it follows that if A G R* and P e GL 2 {R), then LEMMA 
If f(x,y) = ^ajX^iyi e Z[x,y] is square free then it is $L 2 (Z)-equivalent to a reduced form.
Iff (x, y) is reduced, then \ a r \ is bounded in terms of A(/) for r = 1,..., n.
The first part of the lemma is immediate. To check the second part of the lemma, at any rate for n > 2, we note that if / is reduced then (n\ On the other hand, a r is a sum of I I terms of degree r in the S's and Proof of Corollary. The discriminant of a is the discriminant of the monic polynomial f(x, 1) of which a is the root. If D(ot) is bounded, then the degree of a is bounded (by the argument of Lemma 4, since the least discriminant of a number field of degree n tends to infinity with n). There are only finitely many SL 2 (Z)-orbits of forms of given degree and discriminant D Q . Let / be a fixed form in one of these orbits; the leading coefficient of f(ax + by,cx + dy) is f(a,c) and, if deg(/) ^ 3, f(a,c) = 1 has only finitely many solutions in integers (see [14] , [2] ). So the number of monic forms in the orbit of / is finite up to the obvious translations 6. Finally, we need to describe a reduction theory for binary forms over o K , when K is a finite number field. Though such a theory has been worked out (e.g. by Ramanathan), it does not seem to be available in the literature. Suppose that [K : Q] = m, and that there are r independent embeddings of K into R and s pairs of complex embeddings of K into C, so that r + 2s = m. Denote by a
(1) ,..., a (r) the images of an element a e K under the r real embeddings K -> R, and denote by a (r+1) , ...,a ( r + s ) the images of a under s complex embeddings K ->• C, one embedding from each conjugate pair. Throughout this section, / is square free.
Let f{x,y)eo K [x,y] , and let / ( 1 ) , ...,/ ( r + s ) be the corresponding images o f / i n R[x,y] and C [x,y] . Take factorizations w h e r e t h e yj fc) a n d 8} k)
, w h e n 1 ^j^n a n d 1 ^ k 4, r + s , a r e c o m p l e x
